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ABSTRiCT 

An  extension  of  ordinary  geoaetrical  optics  (or  acoxistics), 
makes  it  possible  to  evaluate  the  field  in  tensity,  phase  and  polar- 
ization. By  this  method  we  have  considered  an  incident  field  having 
an  ar'bitrary  wavefront  which  impinges  on  an  ar'bitrary  interface  "be- 
tv/een  two  media,  and  have  computed  the  amplitudes  of  the  reflected 
and  transmitted  fields.  The  result  includes  the  special  cases  of 
plane  and  spherical  incident  wavefronts  which  were  treated  previously. 


\ 
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1,  Intro  due  >loa. 

If  in  geonetrlcal  optics  we  as8\ms  that  the  principle  of  the  conserra- 
tion  of  onorgy  applies  to  an  infinitesimal  tuto  of  rays  we  concludo  that  the 
field  coinponents  along  the  ray  vary  inrcrsoly  as  the  sqaare  root  of  the  nonaal 
cross-sectiomil  area  of  this  tute.   Since  the  rays  are  determined  ty  Fermat'a 
principle  these  rays  can  be  found   and  then  the  energy  assumption  enables 
us  to  determine  the  field  along  the  ray  if  it  is  known  at  one  point  on  this 
ray»  Luneherg  proved  that  solutions  of  Maxwell's  equations  for  small  wave 
lengths  behave  in  accordance  with  the  above  ass\imption.  ♦  A  similar  result  has 
been  proved  in  acoustics.** 

We  ^ply  the  above  procedure  to  the  problem  of  determining  the  field 
due  to  an  incident  field  having  an  arbitrary  wawe  front  which  impinges  on  an 
interface  separating  two  homogeneous,  isotropic  media.  It  then  becomes  neces- 
sary to  calculate  the  ratio  of  the  infinitesimal  areas  at  the  two  ends  of  a 
tube  of  rays  ^riiere  the  rays  of  the  tube  are  reflected  frcm  or  transmitted  by 
the  interface.  This  area  ratio  is  precisely  the  Jacobian  of  the  mapping  of 
one  area  onto  the  other. 

In  I***  it  is  shown  that  the  Jscobiein  required  in  this  problem  is 
the  same  as  that  of  the  mapping  of  the  tangent  plsEieto  the  reflecting  surface 
onto  a  parallel  plane  through  the  point  of  observation.  The  mapping  is  that 
given  by  the  incident  rays  which  intersect  the  tangent  plane  and  are  then  re- 
flected or  refracted  at  the  interface,  finally  intersecting  the  plane  through 
the  observation  point.  The  incident  rays  are  the  lines  normal  to  the  incident 
wave  front.  In  I  the  incident  wave  front  was  assumed  to  be  a  point,  corres- 
ponding to  a  point  source.  In  this  paper  we  consider  an  arbitrary  incident 
wave  front  and  compute  the  Jacobian  described  above. 

In  the  next  section  (2)  the  geometry  and  the  mapping  are  described; 
in  section  3  ^^^   Jacobian  is  computed.  In  section  k   it  is  shown  that  this 
result  includes  that  of  I  when  the  incident  surface  is  specialized  to  a  point. 
In  section  5  the  Jacobian  is  specialized  to  the  case  of  an  arbitrary  wave  front 
incident  normally  on  the  reflecting  surface. 

•  Luiieberg:  Lecture  Notes  in  Slectromagnetic  Theory,  New  York  University. 
^  •*  Keller,  J,  B. :  Lecture  Notes  in  Fluid  Dynamics,  19^-9-50,  New  York  University. 
*■'■  •**  Journal  of  the  Optical  Society  of  America  -  J, 3.  Keller  and  H,  3,  Keller, 
Vol.  UO  No.  1,  January,  195O.   (Hereafter (I)  will  refer  to  this  article.) 
Thio  material  was  included  in  Research  Eeport  No.  M-I3,  N.Y.U.  Itethematics 
Research  Group. 


2,  Formulation  of  the  Problem 


Let/i^y^zy-be  ajnit  vector  normal  to^  -  ^  ^^^^J  a.nd.   pointii 


(For  the  sake  of  compactness  let^^be.  the  coefficient^  of  the  vectorJT 
andi>«the  coefficient  of  the  vector  N   or:  'TfK'^'X)  -  ^■?-'  ^<N^ 

Here  {]  -    Ji:y,  ^       ;     °*,  =  the  angle  of  reflection,  °fz-=the  angle  of 
refraction,   <^  -  the  angle  of  incidence,  and  2?  =  the  index  of 
refraction.  The  angles  and  unit  vectors  arc  snoun  "below: 


The  unit  vectorX along  the  incident  ray  and  the  unit  normal /!/ to 
the  reflecting  surface  have  the  components: 


myJ^'J-      '^' 


_  ^ 


W^  '  'hrt:f.rj   '  W^e^j 
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The  coordinate  system  must  "be  so  choaon  that //points  Into  the  first  medium. 

The  equation  of  the  reflected  or  transmitted  ray  through  a  point 
on  the  reflectluij  surface  is  given  by: 

or  rewriting  we  get  '- 

Here  the^2'y,^>' designate  the  variahle  point  on  the  reflected  or 

"7-  ■'7"  ^T 

transmitted  ray  and  'z/'j  j  '±      are  the  direction  nxxinhers  of  this  line. 

The  coordinate  system  has  been  chosen  with  the  origin  on  the  re- 
flecting surface  and  the  2  axis  alon^  the  normal.  Thus  i''=^  represents  the 
tangent  plane  to  the  reflecting  surface  at  the  origin  and  i*  -  Ccu^^-^'^'f' 
represents  a  parallel  plane. 

Hence  the  equation  (l)  with?  =  <>  and ^=^<'^'^ yield  the  raapp-lng  of  i^'v' 
on  the  tangent  plane  to  ;'^^  on  a  parallel  plane  "by  means  of  reflected  or  trans- 
mitted rays.  As  mentioned  in  the  introduction  and  shown  I  the  Jacobian  J  of 
the  inverse  mapping,  evaluated  at  the  origin,  determines  the  area  ratio  neces- 
sary to  compute  the  amplitude  of  the  reflected  or  transmitted  field.  This 
Jacobian  is  given  by: 


(2) 


or 


,„    r'  -  J  .  ifM-t)  ;f(:^)] 


mw  -^/fyi/f/ 


Equation  (3)   Is  Q-btained  from  Sq.(2)  Ijy  performing  the   indicated  differentiations 
m  Eq.    (1)  and  substitution  into  Eq.    (2)  remem-berinfi  that  these  partial  derivatives 
are  to  "be  evalxiated  at    the  origin. 

3,   Calculation  of  the  Jacohian 

In  order   to   compute  the  Jacobian  presented  in  Eq.    (3)  we  rauat  first 
evaluate  the  components    of   T    and  its  partial  derivatives  at  the  origin.      These 
■become: 

V    ^      ^      J    "Ti    ^    ^      ;    %    ^     SlI  ^   4;    "hero  2>4f^^ 

Jit)  -  ^.  ^  /^  -  ajMf  -y^##  -fS/    6  j^ 


H 


,o{$jS  ^A.  '^  JL  -^l] 

These  expressions  involve   the  partial   derlvatives^</;2r' «^^' V^- ^^  Vr '^/'/ 

To  solve  for  these  six  partial   derivatives  we  mst   first  write  the  equation 
of  the  line  nonnal   to  the  wave  front.     This  line  is  given  hy: 


W©  first  differentiate  with  respect  to  ^9"  and  solve  the  resulting 

/jf,     J$      JA    <^  I 

equations  for  the  partial  derivatives  (j^^^-'   ^jt'  ^'^'^ 
The  resulting  expressions  evaluated  at   the  origin  ^^•i^'-i' =<7are: 


J!( 


/  ^  />?7 '--  f^£^ 


The  remaining  partial  derivatives^^^are  given  hy  the  chain  rule  for 
differentiation  and  at  the  origin  becone:  ^ 
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The  expressions  obtained  above  and  those  to  follow  can  be  greatly 
sijQplified  and  more  easily  interpreted  by  introducing  geometrical  quantities. 
We  therefore  introduce  the  coefficients  of  the  first  and  second  differential 
forms  of  the  incident  wave  front  and  the  reflecting  surface.   These  coefficients 
are  given  byj 


I  ^>  „     A: 

This  bracketed  expression  is  equal  to  €^  -  -f         multiplied  by  the 
expansion  ratio  of  the  incident  wave  front.  This  expansion  ratio  is  eq-oal  to  an 
area  on  the  incident  wave  front  divided  by  the  corresponding  area  after  the  wave 
front  reaches  the  reflecting  surface. •• 

Upon  3u.b8tituting  these  quantities  into  the  Jacobtan  and  after  many 
algebraic  manipulations  we  arrive  at  the  final  expression  for  it: 


****  J.J.  Stoker,  Lecture  Notes  on  Differential  Geometry,  H.Y.U. ,19U2-U3. 


-8- 


U.  Discussion  for  the  Point  Source 

We  will  consider  the  special  form  which  the  Jacohian  assumes  when  the 
incident  wave  front  is  a  point.  This  is  the  case  if  the  incident  field  is  pro- 
duced "by  a  point  source  and  this  case  was  treated  in  I.  We  wish  to  show  that 
our  result  becomes  idanticeJ.  with  the  result  of  I.   To  this  end  we  characterize 
a  point  wave  front  by  stating  that  its  curvatures  are  infinite  and  '^^^'^  (jiT'JSJh* JJTi.) 
are  infinite.  Taking  account  of  this  Eq.(  \)   becomes: 


±_  Sq^  C6ri{'-2d") ,  Q^f'cerh")  ^  L  f^^/y  ^  ^'i  ^^Q^  ^^>>y  I -h 


Cr>cl^ 


< 


This  is  identical  with  the  result   in  I  and  its  consequences  were  discussed  there. 


■I 
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5.  Discussion  for  a  ITorEally  Incidont  V/ave  Front 

Another  special  case  of  importance  is  that  in  which  the  incident 
ray  is  normally  incidont  on  tho  reflecting  surface.   In  this  case  we  hare 
€-*^^Q-\   and  <f   -  7^    -  -^  ~0  .    With  these  values  Eq.  (4)  becomes: 

J  /^j'07Y^j  trY^^-^'j  J 

I  1    for  reflection  ^ 
where  Cs-o«<^  -  J  (   and  ^  has  the  same  sign  as  C-^-o  oj'^  . 

SS  j.    for  transmission  \ 

In  addition     f  J   ^     J  ^    SO^^^)  f  J'Y^^-*>?^) 

Finally,  inserting  the  expressions  for  the  curvatures  we  get: 


.-/ 


i 
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In  this  special  case  the  coefficients  C(^   and  P^   have  the  follow- 
ing Talues.  a^^^x  J   ^  =  -£7    J    4=-?    /  i.--^-ef-:2 


The  main  result  of  this  paper  Sq.  (U)  and  its  special  cases 
Eq.  (5)  (point  source)  and  Eq.  (6)  (nonaal  incidence),  seem  to  depend  on  the 
relevant  geometrical  quantities  in  the  erpected  way.  Unfortunately,  however 
the  expressions  are  so  complicated  that  it  seems  most  reasonable  to  apply 
them  to  special  cases  of  interest  rather  than  to  attempt  a  general  study  of 
their  properties. 
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